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THRESHOLD EFFECTS OF THE TWO-PARTICLE SCHRO¨DINGER OPERATORS ON
LATTICES
SAIDAKHMAT N. LAKAEV 1, VOLKER BACH 2, AND W. DE SIQUEIRA PEDRA3
ABSTRACT. We consider a wide class of the two-particle Schro¨dinger operators Hµ(k) = H0(k) +
µV, µ > 0, with a fixed two-particle quasi-momentum k in the d-dimensional torus Td , associated to
the Bose-Hubbard hamiltonianHµ of a system of two identical quantum-mechanical particles (bosons)
on the d- dimensional hypercubic lattice Zd interacting via short-range pair potentials. We study the
existence of eigenvalues of Hµ(k) below the threshold of the essential spectrum depending on the
interaction energy µ > 0 and the quasi-momentum k ∈ Td of particles. We prove that the threshold
(bottom of the essential spectrum), as a singular point (a threshold resonance or a threshold eigenvalue),
creates eigenvalues below the essential spectrum under perturbations of both the coupling constant
µ > 0 and the quasi-momentum k of the particles. Moreover, we show that if the threshold is a regular
point, then it does not create any eigenvalues under small perturbations of the coupling constant µ > 0
and the quasi-momentum k.
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1. INTRODUCTION
The main goal of the present paper is to give a thoroughmathematical treatment of the spectral
properties for the two-particle lattice Schro¨dinger operators Hµ(k) = H0(k) + µV, µ > 0, where
k ∈ Td being the two-particle quasi-momentum in the d-dimensional torus, associated to the Bose-
Hubbard hamiltonian Hµ of a system of two identical quantum-mechanical particles (bosons) on
the d-dimensional hypercubic lattice Zd interacting via short-range pair attractive potentials, with an
emphasis on new threshold phenomena that are not present in the continuous case (see, e.g., [6], [8],
[13], [16], [19]–[24], [25] for relevant discussions).
Throughout physics, stable composite objects are usually formed by way of attractive forces,
which allows the constituents to lower their energy by binding together. Repulsive forces separate
particles in the free space. However, in a structured environment such as a periodic potential and
in the absence of dissipation, stable composite objects can exist even for repulsive interactions that
arise from the lattice band structure [35].
The Bose-Hubbard model, which is used to describe the attractive and repulsive pairs is the
theoretical basis for applications. The work [35] exemplifies the important correspondence between
the Bose-Hubbard model [9, 17] and atoms in optical lattices, and helps to pave the way for many
more interesting developments and applications [34]. In particular, the dynamics of ultracold atoms
loaded in the lower band is well described by the Bose-Hubbard hamiltonian.
In the continuum space (continuum), due to rotational invariance, the multi-particle hamilton-
ian separates into a free hamiltonian for the center of mass and a hamiltonian for the relative motion.
Bound states are eigenstates of the latter hamiltonian.
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The fundamental difference between the continuum and the lattice multi-particle hamiltonian
is that in lattice, the free hamiltonian is not rotationally invariant. Therefore, in contrast to the con-
tinuum, in the lattice there is excess mass phenomenon, i.e., the effective mass of the bound state
of an N -particle system is, in general, strictly greater than the sum of the effective masses of the
constituent quasi–particles. This has been discussed, e.g., in [24], [25].
For the Schro¨dinger operators with short-range potentials on R3 and Z3 and on perturbations
of Schro¨dinger operators with periodic potentials one observes the emission of negative bound states
from the continuous spectrum at the so-called critical potential strength (see, e.g., [2], [3], [6], [14],
[18], [19], [20], [21], [27], [36], [37]). This phenomenon is closely related to the existence of gene-
ralized eigenfunctions, which are, vanishing at infinity, solutions of the Schro¨dinger equation with
zero energy, but are not square integrable. These solutions are usually called zero-energy resonance
functions and, in this case, the Hamiltonian is called a critical one and the Schro¨dinger operator is
said to have a zero-energy resonance (virtual level).
The appearance of the negative eigenvalues for the critical (non-negative) two–particle Schro¨-
dinger operators onR3 under infinitesimally negative perturbations, i.e., the presence of the threshold
resonances, leads to the existence of infinitely many bound states (Efimov’s effect) for the corre-
sponding three-particle system (see, e.g., [4], [11], [26], [31], [32], [33], [36]).
The threshold of the essential spectrum for the Schro¨dinger operator is either regular or singular
point (threshold resonance or threshold eigenvalue). In the continuum, whether the threshold is a
regular or a singular point for the two-particle Schro¨dinger operator depends only on the interaction
µV . In the lattice case it depends not only on the interaction µV of particles, but also to the quasi-
momentum k of the particle pair.
In the current paper, we study the emission mechanisms of eigenvalues at the thresholds of
the essential spectrum for the operator Ĥµ(k), depending on the interaction µV̂ and the quasi-
momentum k ∈ Td, for all dimensions d ≥ 3. We prove the existence of bound states in the following
two cases:
(low d) In the case d = 1, 2, for any nonzero potential µV̂ and each quasi-momentum k ∈ Td
of the particle pair (Theorem 4.1 and 4.4).
(high d) In the case d ≥ 3, for large potentials µV̂ and for each k ∈ G, where G ⊂ Td is a
region that includes the point 0 ∈ Td (Theorem 4.6 and Remark 4.7).
We establish the existence of eigenvaluesEµ(k) of Ĥµ(k) for each non-zero k ∈ T
d provided
that the bottom of the essential spectrum of Ĥµ(0) is its threshold resonance or threshold eigen-
value, by applying a generalization of the well known Birman-Schwinger principle (see, e.g., [12],
[30]). The method we use gives implicit forms of the eigenfunctions (bound states) by means of
eigenfunctions of the generalized Birman-Schwinger operator.
We find a two-sided assessments for the eigenvalue E(k) of Ĥ1(k) depending on the quasi-
momentum k ∈ Td by means of Emin(k), the threshold of the essential spectrum of Ĥ1(k) and
the eigenvalue E(0) of Ĥ1(0) (Corollary 4.5). This result shows that for any nonzero k ∈ T
d the
eigenvalueE(k) is strictly greater than E(0) and lies below the threshold Emin(k).
We prove, for d ≥ 3, that the threshold Emin(k), as a singular point, i.e., as a threshold reso-
nance or a threshold eigenvalue, creates eigenvalues below the essential spectrum under small per-
turbations of both the effective mass (by changing the quasi-momentum of the particles) and the
coupling constant µ > 0. However, if the threshold Emin(k) is a regular point, then no eigenvalues
are created under such perturbations.
Moreover, we show that for each k0 ∈ G, there exists a neighborhood G(k0) ⊂ G and a
manifoldM=(k0) ⊂ G of codimension one, such that for each k ∈ M=(k0) the threshold Emin(k)
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is a singular point of Ĥµ(k), but it is a regular point if k ∈ G\M=(k0). Furthermore, if the threshold
Emin(k0) of Ĥµ(k0): (i) is a regular point, then for each k lying in a neighborhood of k0 ∈ G, the
number of eigenvalues of Ĥµ(k) lying below the threshold Emin(k) remains unchanged (Theorem
4.9). (ii) is a singular point, then there is an open setM>(k0) ⊂ G with k0 ∈M>(k0) such that for
all k ∈ M>(k0) the operator Ĥ1(k) has an eigenvalue below Emin(k) (Theorem 4.12).
We observe that for k0 = 0 ∈ T
3, the case (i) above yields Efimov’s effect for the three-
particle lattice Schro¨dinger operatorsH(K), K ∈ Td, associated to the Bose-Hubbard hamiltonian
of a system of three particles on Z3 interacting via short-range pair potentials: the operatorH(0) has
infinitely many eigenvalues below the bottom of the three particle essential spectrum, whereas for
all non-zero K ∈ T3 close to K = 0, the operator H(K) has finitely many eigenvalues (see, e.g.,
[1], [5], [7], [20]).
It is also shown that for d ≥ 3, the total number of both the eigenvalues (counting multiplici-
ties) below the threshold of essential spectrum and the multiplicity of the singular point Emin(k) is
a non-decreasing function of the quasi-momentum k ∈ Td and µ > 0 (Corollary 4.15 and 4.17).
We note that unlike the case of Schro¨dinger operators in Rd, the lattice Schro¨dinger operators
may have eigenvalues above the threshold of the essential spectrum, when the sign of the potential is
changed. The repulsive case can be investigated exactly in the same way as the attractive one treated
here.
The paper is organized as follows: In Section 2 we introduce the lattice two-particle hamilto-
nians, decompose them into the von Neumann direct integrals and introduce the Schro¨dinger oper-
ators Hµ(k) with fixed two-particle quasi-momentum k ∈ T
d. In Section 3 we prove a generalized
Birman-Schwinger principle to introduce notions of singular and regular points of the essential spec-
trum and to study threshold effects for the lattice Schro¨dinger operators Ĥµ(k). The main results of
the paper are stated in Section 4 and proved in Section 5.
2. THE TWO-PARTICLE HAMILTONIANS ON LATTICES
2.1. The two-particle hamiltonian – position space representation. Let Zd be the d-dimensional
hypercubic lattice and Zd ⊗ Zd be cartesian product.
Let ℓ2(Zd⊗Zd) be the Hilbert space of square-summable functions on Zd⊗Zd and ℓ2,s(Zd⊗
Zd) ⊂ ℓ2(Zd ⊗ Zd) be the subspace of symmetric functions.
The free hamiltonian Ĥ0 of a system of two identical particles (bosons), in the position space
representation, is usually associated with the following self-adjoint (bounded) multidimensional
Toeplitz-type operator on the Hilbert space ℓ2,s(Zd ⊗ Zd) (see, e.g., [24]):
(2.1) (Ĥ0fˆ)(x1, x2) =
∑
s1,s2∈Zd
[εˆ(x1 − s1) + εˆ(x2 − s2)]fˆ(s1, s2), fˆ ∈ ℓ
2,s(Zd ⊗ Zd),
where εˆ ∈ ℓ1(Zd) is a real valued even function.
The interaction operator V̂ of two bosons, in the position space representation, is the multipli-
cation operator by the non-positive function vˆ ∈ ℓ1(Zd;R−0 ) , i.e.,
(2.2) (V̂fˆ)(x1, x2) = vˆ(x1 − x2)fˆ(x1, x2), fˆ ∈ ℓ
2,s(Zd ⊗ Zd).
The total hamiltonian Ĥµ of a system of two identical particles (bosons) with the pair non-
positive interaction vˆ ∈ ℓ1(Zd;R−0 ), in the position space representation, is associated with the
bounded self–adjoint operator on ℓ2,s(Zd ⊗ Zd):
(2.3) Ĥµ = Ĥ0 + µV̂, µ > 0.
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2.2. The two-particle hamiltonian – momentum space representation. Let Td = (R/2πZ)
d
≡
[−π, π)d be the d- dimensional torus, the Pontryagin dual group of Zd, equipped with the (normal-
ized) Haar measure
η(dp) =
ddp
(2π)d
.
Let L2(Td, η) be the Hilbert space of square-integrable functions onTd andF : ℓ2(Zd)→ L2(Td, η)
be the Fourier transform
(2.4) f(p) := (Ffˆ)(p) =
∑
x∈Zd
ei(p,x)fˆ(x)
and F∗ is its inverse
(2.5) [F∗f ](x) :=
∫
Td
e−i(p,x)f(p) η(dp) .
The free hamiltonianH0 = (F⊗F)Ĥ0(F
∗⊗F∗) of a system of two identical particles (bosons),
in the momentum space representation, is the multiplication operator by the function ε(k1) + ε(k2)
on the Hilbert space L2,s(Td ⊗Td, η⊗ η) of symmetric functions on the cartesian product Td ⊗Td
of the torus Td:
(2.6) (H0f)(k1, k2) = (ε(k1) + ε(k2))f(k1, k2),
where the continuous function (dispersion relation) ε is given by
(2.7) ε(p) = [Fεˆ](p) =
∑
x∈Zd
ei(p,x)εˆ(x).
The interaction operator V = (F ⊗ F)V̂(F∗ ⊗ F∗) is the integral operator of convolution type
acting in L2,s(Td ⊗ Td, η ⊗ η) as
(2.8) (Vf)(k1, k2) =
∫
Td
v(k1 − q)f(q, k1 + k2 − q)η(dq),
where the kernel function v(·) is given by
(2.9) v(p) = [Fvˆ](p) =
∑
x∈Zd
ei(p,x)vˆ(x).
The total two-particle hamiltonianHµ of a system of two identical quantum-mechanical parti-
cles (bosons) interacting via a short range attractive potentials vˆ, in the momentum space represen-
tation, is the bounded self–adjoint operator acting in L2,s(Td ⊗ Td, η ⊗ η) as
(2.10) Hµ = H0 + µV.
2.3. Decomposition of the two–particle hamiltonians into the von Neumann direct integrals.
Let k = k1 + k2 ∈ T
d be the quasi–momentum of a pair of particles. For any fixed k ∈ Td, we
define the set Qk ⊂ T
d ⊗ Td as
Qk = {(q, k − q) : q ∈ T
d}.
We further define the map
π : Td ⊗ Td → Td, π((k1, k2)) = k1 .
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Denote by πk = π|Qk , k ∈ T
d the restriction of π on Qk ⊂ T
d ⊗ Td. At this point it is useful
to remark that Qk is a d-dimensional manifold isomorphic to T
d. The map πk is bijective from
Qk ⊂ T
d ⊗ Td onto Td with the inverse
π−1k (q) = (q, k − q) .
Consequently, the Hilbert spaceL2,s(Td⊗Td, η⊗η) can be decomposed into the von Neumann
direct integral as
(2.11) L2,s(Td ⊗ Td, η ⊗ η) ≃
⊕∫
k∈Td
L2,e(Td, η)η(dk),
where L2,e(Td, η) is the Hilbert space of square-integrable even functions on Td. The total hamil-
tonian Hµ of a system of two particles, in the position space representation, obviously commutes
with the representation of the discrete group Zd by shift operators on the lattice, and hence Hµ can
be decomposed into the integral (see, e.g., [6])
(2.12) Hµ ≃
⊕∫
k∈Td
Hµ(k)η(dk).
In the physical literature, the parameter k ∈ Td is called two-particle quasi-momentum and the
corresponding operatorHµ(k) is called Schro¨dinger operator with fixed quasi–momentum k.
2.4. Schro¨dinger operators for particle pairs with fixed quasi–momentum. For any µ > 0 and
k ∈ Td, the Schro¨dinger operator Hµ(k) from the decomposition (2.12), in the momentum space
representation, is bounded self-adjoint operator acting in L2,e(Td, η) as
(2.13) Hµ(k) = H0(k) + µV.
Here the non-perturbed operator H0(k), k ∈ T
d is the multiplication operator by the function Ek
(quasi-momentum-dependent pair dispersion relation) acting in L2,e(Td, η) as
(2.14) (H0(k)f)(p) = Ek(p)f(p),
where
(2.15) Ek(p) = ε
(
k
2
+ p
)
+ ε
(
k
2
− p
)
and ε(·) is defined in (2.7).
Note that we identified the torus Td with [−π, π)d ⊂ Rd so that the operation change of
variables is well–defined on Td.
The perturbation operator V in (2.13) is defined as
(2.16) (V f)(p) =
∫
Td
v(p− q)f(q)η(dq), f ∈ L2,e(Td, η).
In the position space representation, the Schro¨dinger operator Ĥµ(k) with a fixed quasi–
momentum k ∈ Td acts in the Hilbert space ℓ2,e(Zd) of all square-summable even functions on
Zd as
(2.17) Ĥµ(k) = Ĥ0(k) + µV̂ , µ > 0,
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where
(2.18) (Ĥ0(k)fˆ)(x) =
∑
s∈Zd
Eˆk(x− s)fˆ(s), fˆ ∈ ℓ
2,e(Zd),
(2.19) Eˆk(x) :=
∫
Td
e−i(p,x)Ek(p) η(dp) .
and V̂ in (2.17) is defined as
(2.20) (V̂ fˆ)(x) = vˆ(x)fˆ(x), fˆ ∈ ℓ2,e(Zd).
3. SPECTRAL PROPERTIES OF Ĥµ(k), k ∈ T
d
Since the perturbation operator V̂ is compact, according to Weyl’s theorem [29, Theorem
XIII.14], the essential spectrum σess(Ĥµ(k)) of the operator Ĥµ(k), k ∈ T
d coincides with the
spectrum σ(H0(k)) of the non-perturbed operatorH0(k). Explicitly, one has
σess(Ĥµ(k)) = [Emin(k),Emax(k)] ,
with
Emin(k) := min
q∈Td
Ek(q), Emax(k) := max
q∈Td
Ek(q) .
From the non-positivity of V̂ and the min-max principle, it follows that all isolated eigenvalues of
finite multiplicity lie below Emin(k), the bottom of the essential spectrum σess(Ĥµ(k)).
3.1. Birman-Schwinger principle. Let d ≥ 1, k ∈ Td, andEk(·) be the quasi-momentum-dependent
pair dispersion relation and vˆ ∈ ℓ1(Zd;R−0 ). For any z < Emin(k), we define the Birman-Schwinger
operator Bµ(k, z), which is a non-negative compact operator acting in ℓ
2,e(Zd) as
(3.1) Bµ(k, z) := µ|V̂ |
1/2 R̂0(k, z) |V̂ |
1/2 .
Here, R̂0(k, z), z ∈ C \ [Emin(k),Emax(k)] is the resolvent of the operator Ĥ0(k) and |V̂ |
1
2 is the
(unique) positive square root of the (positive) operator |V̂ |:
(3.2) (|V̂ |
1
2 ψˆ)(x) = |vˆ(x)|
1
2 ψˆ(x), ψˆ ∈ ℓ2,e(Zd) .
The kernel function Bµ(k, z; ·, ·), k ∈ T
d, z < Emin(k), associated to the Birman-Schwinger
operator Bµ(k, z) is given by
(3.3) Bµ(k, z;x, y) = µ|vˆ(x)|
1
2 R̂0(k, z;x− y)|vˆ(y)|
1
2 , x , y ∈ Zd,
where
(3.4) R̂0(k, z;x) :=
∫
Td
ei(q,x)
Ek(q)− z
η(dq), x ∈ Zd.
Now we recall, for the convenience of the reader, the well known Birman-Schwinger principle (see,
e.g., [12], p.180 and [30], p. 89.), associated to the Schro¨dinger operator Ĥµ(k), the proof of which
can be found in [8]).
Proposition 3.1. (Birman-Schwinger principle) Let k ∈ Td and z < Emin(k).
(i) If fˆ ∈ ℓ2,e(Zd) solves Ĥµ(k)fˆ = zfˆ , then ψˆ := µ|V̂ |
1/2fˆ ∈ ℓ2,e(Zd) solves ψˆ =
Bµ(k, z)ψˆ.
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(ii) If ψˆ ∈ ℓ2,e(Zd) solves ψˆ = Bµ(k, z)ψˆ, then fˆ := R̂0(k, z)|V̂ |
1/2ψˆ ∈ ℓ2,e(Zd) solves
Ĥµ(k)fˆ = zfˆ .
(iii) The number z is an eigenvalue of Ĥµ(k) of multiplicity m if and only if 1 is an eigenvalue
for Bµ(k, z) of multiplicitym.
(iv) Counting multiplicities, the numberN−(z, Ĥµ(k)) of eigenvalues of Ĥµ(k) smaller than z
equals to the number N+(1,Bµ(k, z)) of eigenvalues of Bµ(k, z) greater than 1, i.e.,
(3.5) N−(z, Ĥµ(k)) = N+(1,Bµ(k, z)).
Lemma 3.2. Let vˆ ∈ ℓ1(Zd;R−0 ) be a non-positive function. Then for any x, y ∈ Z
d, the function
Bµ(k, ·;x, y) is analytic in z ∈ C \ [Emin(k),Emax(k)].
Proof. The equality (3.3) and the analyticity of the function R̂0(k, z;x) in z ∈ C\[Emin(k),Emax(k)]
yield the proof of Lemma 3.2. 
3.2. A generalization of the Birman-Schwinger principle. In what follows we assume the fol-
lowing Hypotheses 3.3 on ε(·) and vˆ.
Hypothesis 3.3. (i) The function ε(·) ∈ C(3)(Td), d ≥ 1 is a real–valued even Morse function and
has a unique minimum at 0 ∈ Td.
(ii) The function vˆ is absolutely summable and non-positive, i.e., vˆ ∈ ℓ1(Zd;R−0 ), d ≥ 1.
We need these assumptions in order to introduce a generalization of the Birman–Schwinger
operator and the concept of a threshold resonance (virtual level) and a threshold eigenvalue for the
Schro¨dinger operator Ĥµ(k), k ∈ T
d. By generalization, we mean that the definition of the Birman–
Schwinger operator Bµ(k, z), z < Emin(k) is extended to the case z = Emin(k), the bottom of the
essential spectrum of Ĥµ(k). We recall that such a generalization is only meaningful for d ≥ 3.
In addition, in this subsection we give some properties of the generalized Birman-Schwinger
operator (Lemma 3.7 and Theorem 3.12), which will be proved in Section 4.
The parametrical Morse lemma (see, e.g., [15], p. 113) yields the following lemma.
Lemma 3.4. (i) The minimum εmin = min
p∈Td
ε(p) is attained at the point p = 0 ∈ Td.
(ii) There is a maximal open neighborhoodG ⊂ Td containing the point 0 ∈ Td such that, for
any k ∈ G, the pair dispersion relation Ek(·) ∈ C
(3)(Td) is a Morse function and for each k ∈ G,
the minimum Emin(k) = min
q∈Td
Ek(q) is attained at the point p(k) = 0 ∈ T
d.
The proof of Lemma 3.4 can be found in [19, Lemma 3].
Remark 3.5. The following subclass of the one-particle systems is of certain interest (see, e.g.,
[10]). It is introduced by the additional requirement that the dispersion relation ε(p) is a real-valued
continuous conditionally negative definite function and hence
(i) ε is an even function,
(ii) ε(p) has a minimum at p = 0.
Recall (see, e.g., [6], [29]) that a complex-valued bounded function ε : Td −→ C is called condi-
tionally negative definite if ε(p) = ε(−p) and
(3.6)
n∑
i,j=1
ε(pi − pj)ziz¯j ≤ 0
for any n ∈ N, p1, p2, .., pn ∈ T
d and for all z = (z1, z2, ..., zn) ∈ C
n satisfying
∑n
i=1 zi = 0.
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Definition 3.6. Assume d ≥ 3 and Hypothesis 3.3. Let
(3.7) R̂0(k,Emin(k);x) :=
∫
Td
ei(q,x)
Ek(q)− Emin(k)
η(dq), x ∈ Zd.
For k ∈ G ⊂ Td, we define the generalized Birman-Schwinger operator Bµ(k,Emin(k)) by means
of the kernel function
(3.8) Bµ(k,Emin(k);x, y) := µ|vˆ(x)|
1
2 R̂0(k,Emin(k);x− y)|vˆ(y)|
1
2 , x , y ∈ Zd
as follows
(3.9) (Bµ(k,Emin(k))fˆ)(x) =
∑
y∈Zd
Bµ(k,Emin(k);x, y)fˆ (y), fˆ ∈ ℓ
2,e(Zd).
Now we formulate some properties of the generalized Birman-Schwinger operator.
Lemma 3.7. Let d ≥ 3 and assume Hypothesis 3.3.
(i) For any x ∈ Zd, the kernel function R̂0(·,Emin(·);x) is continuous in k ∈ G.
(ii) For any x, y ∈ Zd, the kernel function Bµ(·,Emin(·);x, y) is continuous in k ∈ G.
(iii) For any k ∈ G, the operator Bµ(k,Emin(k)), acting in ℓ
2,e(Zd), belongs to the Hilbert-
Schmidt class and the map k ∈ G 7→ Bµ(k,Emin(k)) is continuous.
Remark 3.8. Lemma 3.7 yields that for each d ≥ 3 the kernel function Bµ(k,Emin(k);x, y) de-
fines a generalized Birman-Schwinger operator Bµ(k,Emin(k)) on ℓ
2,e(Zd), which is non-negative,
compact and hence self-adjoint Hilbert-Schmidt operator.
Let ℓ0(Z
d) be the Banach space of all functions defined on Zd and vanishing at infinity.
3.3. Regular or singular point. Since for each k ∈ G the operator Bµ(k,Emin(k)) is compact
(self-adjoint), only one of the following two cases may happen
(i) The number 1 is an eigenvalue for Bµ(k,Emin(k)).
(ii) The number 1 is not an eigenvalue for Bµ(k,Emin(k)).
Definition 3.9. Let d ≥ 3. For each k ∈ G the threshold z = Emin(k) of the essential spec-
trum σess(Ĥµ(k)) is called a singular point of multiplicity n (resp. regular point) of the operator
Ĥµ(k), if the number 1 is an eigenvalue of multiplicity n (resp. not an eigenvalue) for the operator
Bµ(k,Emin(k)).
Remark 3.10. If the threshold Emin(k) is a regular point of the essential spectrum of Ĥµ(k), then
Theorem 3.12 yields that the equation Ĥµ(k)fˆ = Emin(k)fˆ , fˆ ∈ ℓ
2,e(Zd) has only the trivial
solution and the number of eigenvalues of the operator Ĥµ(k) below the threshold Emin(k) remains
unchanged under small perturbations of k ∈ G and µV̂ (see Theorem 4.9).
Remark 3.11. Notice that the threshold singular point is either a threshold resonance or a threshold
eigenvalue of Ĥµ(k) and our definition of the threshold resonance is the direct analogue of those,
which have been introduced in the continuous and lattice cases (see, e.g., [6], [31] and references
therein).
In the following theorem the Birman–Schwinger principle is extended to z = Emin(k).
Theorem 3.12. Assume Hypothesis 3.3. Then the following statements hold:
THRESHOLD EFFECTS OF THE TWO-PARTICLE SCHRO¨DINGER OPERATORS... 9
(i) Let d ≥ 3. If fˆ ∈ ℓ0(Z
d) solves Ĥµ(k)fˆ = Emin(k)fˆ , then ψˆ := |V̂ |
1/2fˆ ∈ ℓ2,e(Zd)
solves ψˆ = Bµ(k,Emin(k))ψˆ.
(ii) Let d = 3 , 4. If ψˆ ∈ ℓ2,e(Zd) solves ψˆ = Bµ(k,Emin(k))ψˆ, then
fˆ := R̂0(k,Emin(k))|V̂ |
1/2ψˆ ∈ ℓ0(Z
d) solves Ĥµ(k)fˆ = Emin(k)fˆ .
(iii) Let d ≥ 5. If ψˆ ∈ ℓ2,e(Zd) solves ψˆ = Bµ(k,Emin(k))ψˆ, then
fˆ := R̂0(k,Emin(k))|V̂ |
1/2ψˆ ∈ ℓ2,e(Zd) solves Ĥµ(k)fˆ = Emin(k)fˆ .
(iv) Let d ≥ 3. The threshold Emin(k) is a singular point (a resonance or an eigenvalue) of the
essential spectrum of Ĥµ(k) with multiplicitym if and only if the number 1 is an eigenvalue
of Bµ(k,Emin(k)) with multiplicitym.
(v) Let d ≥ 3. Counting multiplicities, the number of eigenvalues of Ĥµ(k) less than Emin(k)
equals to the number of eigenvalues of Bµ(k,Emin(k)) greater than 1, i.e.,
(3.10) N−(Emin(k), Ĥµ(k)) = N+(1,Bµ(k,Emin(k))).
Remark 3.13. Let the threshold z = Emin(k), k ∈ G be a singular point of the essential spectrum
of Ĥµ(k), i.e., the equation Bµ(k,Emin(k))ψˆ = ψˆ has a non-trivial solution ψˆ ∈ ℓ
2,e(Zd) and
wherein the function
(3.11) fˆ(x) =
∑
y∈Zd
∫
Td
ei(p,x−y)η(dp)
Ek(p)− Emin(k)
|vˆ(y)|
1
2 ψˆ(y)
is a non-trivial solution of the Schro¨dinger equation Ĥµ(k)fˆ = Emin(k)fˆ .
(i) If d = 3 or 4, then the solution fˆ of the equation Ĥµ(k)fˆ = Emin(k)fˆ in (3.11) belongs to
ℓ0(Z
d) \ ℓ2,e(Zd).
(ii) If d ≥ 5, then the solution fˆ in (3.11) belongs to ℓ2,e(Zd) and hence the singular point
Emin(k) is an eigenvalue of the operator Ĥµ(k).
Definition 3.14. In the case (i) of Remark 3.13, the singular point Emin(k), k ∈ G is called a
threshold resonance (virtual level) for Ĥµ(k).
3.4. Example. The discrete Laplacian. The dispersion relation ε associated to the discrete Lapla-
cian∆Zd is given as
(3.12) ε(p) =
d∑
j=1
[1− cos pj ], p = (p1, ..., pd) ∈ T
d
and hence it is a Morse function satisfying the Hypothesis 3.3. The corresponding two-particle dis-
persion relation Ek(·) is of the form
(3.13) Ek(p) = 2
d∑
j=1
[1− cos
kj
2
cos pj], p = (p1, ..., pd) ∈ T
d.
The function Ek(·) can be degenerate only for k ∈ Πn, where
(3.14) Πn =
{
k ∈ Td : n coordinates of k is equal to π
}
, 1 ≤ n ≤ d.
The set Πd consists of exactly one point (π, ..., π) and the set Πn ⊂ T
d, 1 ≤ n ≤ d is a surface
(manifold) of co-dimension d−n and in this case the operator Ĥµ(k) defined in (2.17) becomes the
Schro¨dinger operator on Zd−n. Note that the set G = Td \ {∪di=1Πn} is an open (maximal) set in
Td satisfying the Hypothesis 3.3 and the function Ek(p) is a Morse function for any k ∈ G.
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Remark 3.15. If the dispersion relation ε(·) is associated to the discrete Laplacian∆Zd , then for the
Schro¨dinger operator Ĥµ(k), given in Eq. (2.17), the region G in (ii) of Lemma 3.4 can be defined
precisely as G = Td \ {∪di=1Πn}.
4. STATEMENT OF THE MAIN RESULTS
The first result is the existence of the eigenvalues for each nonzero potential µvˆ and quasi-
momentum k ∈ Td for d = 1, 2.
Theorem 4.1. Let d = 1, 2. Assume the Hypothesis 3.3 and vˆ 6= 0. Then for any k ∈ Td and µ > 0
the operator Ĥµ(k) has an eigenvalue zµ(k) below the threshold Emin(k) of the essential spectrum
σess(Ĥµ(k)).
The next results are on dependence of the eigenvalues of quasi-momentum k ∈ Td and the
conservation of the number of eigenvalues, which lies below the essential spectrum of the operator
Ĥ1(0) = Ĥ0(0) + V̂ for all non-zero k.
Theorem 4.2. Let d ≥ 1. Assume that ε be conditionally negative definite function on Td and the
inequality Ĥ1(0) = Ĥ0(0) + V̂ ≥ z0I holds for z0 < Emin(0). Then for all non-zero k ∈ T
d, the
strict inequality Ĥ1(k) = Ĥ0(k) + V̂ > z0I holds.
Corollary 4.3. Let d ≥ 1. Let ε be conditionally negative definite functin on Td and for any k ∈ Td
the numbers z1(k) ≤ ... ≤ zm(k) be eigenvalues of the operator Ĥµ(k) (counting multiplicities)
lying below Emin(k). Then for any nonzero k ∈ T
d, the inequalities
zj(0) < zj(k) , j = 1, ...,m
hold.
Theorem 4.4. Let d ≥ 1. Let ε be conditionally negative definite on Td and the numbers z1(0) ≤
... ≤ zm(0) be m eigenvalues of the operator Ĥ1(0) (counting multiplicities) lying below Emin(0).
Then there exists z0, z0 < Emin(0) such that for any nonzero k ∈ T
d, the operator Ĥ1(k) has at
leastm eigenvalues z1(k) ≤ ... ≤ zm(k) (counting multiplicities) satisfying the inequalities
zj(k) < z0 + [Emin(k)− Emin(0)] , j = 1, ...,m.
Theorems 4.2 and 4.4 yield the following corollary.
Corollary 4.5. Assume the assumptions of Theorem 4.4. Then for any nonzero k ∈ Td
zj(0) < zj(k) < zj(0) + [Emin(k)− Emin(0)], j = 1, ...,m.
Now we prove, for d ≥ 3, the existence of eigenvalues of Ĥµ(k) for large potentials µvˆ and
each k ∈ G. The next results precisely describe the emission of eigenvalues from the essential
spectrum σess(Ĥµ(k)) (sf, [18]).
Theorem 4.6. Let d ≥ 3. Assume Hypothesis 3.3 and that for some µ > 0 and k ∈ G, the inequality
(4.1) µmax
x∈Zd
|vˆ(x)|
∫
Td
η(dq)
Ek(q)− Emin(k)
> 1
holds. Then the operator Ĥµ(k) has an eigenvalue zµ(k) below the threshold Emin(k).
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Remark 4.7. Let d ≥ 3. Under the assumptions of Theorem 4.6, the integral at the left-hand side of
the inequality (4.1) is continuous function in k ∈ G (see Lemma 3.7). Hence, for any fixed k0 ∈ G
there exists a neighborhoodG(k0) ⊆ G of k0 such that for all k ∈ G(k0) the inequality
µmax
x∈Zd
|vˆ(x)|
∫
Td
η(dq)
Ek(q)− Emin(k)
> 1
holds. Therefore, the operator Ĥµ(k) has an eigenvalue zµ(k) below the threshold Emin(k) for all
k ∈ G(k0).
The following theorem states that for smooth dispersion relations and absolutely convergent
potentials on Zd, the Schro¨dinger operators Ĥµ(k) have only finitely many eigenvalues below the
essential spectrum.
Theorem 4.8. Let d ≥ 3. Assume the Hypothesis 3.3. Then for each µ > 0 and vˆ 6= 0, the number
of eigenvalues of the operator Ĥµ(k), k ∈ G lying below the threshold Emin(k) is finite.
The following results describe the sets of the coupling constants µ > 0 and the quasi-momenta
k ∈ G, for which Emin(k) is a regular or a singular point of the essential spectrum of Ĥµ(k).
Theorem 4.9. Assume d ≥ 3 and Hypothesis 3.3. Let for some µ0 > 0 and k0 ∈ G the threshold
Emin(k0) is a regular point of the essential spectrum of the operator Ĥµ0(k0) = Ĥ0(k0) + µ0V̂ .
Then there exist neighborhoods U(µ0) ⊂ R and G(k0) ⊂ G of µ0 and k0 ∈ G, respectively, such
that for all µ ∈ U(µ0) and k ∈ G(k0), the number of eigenvalues of operator Ĥµ(k) below the
threshold Emin(k) remains unchanged.
Corollary 4.10. The set U ⊂ R+ of all µ ∈ R+ resp. G ⊂ G of all k ∈ G, for which Emin(k), the
threshold of the essential spectrum is regular point of the operator Ĥµ(k) is an open set in R+ resp.
in G, i.e., there exist intervals Uα ⊂ R+ resp. connected components Gα ⊂ G, α = 1, 2, ..., such
that U = ∪αUα resp. G = ∪αGα. Consequently, the sets R+ \ U and G \ G consist of the points
µ ∈ R+ and quasi-momenta k ∈ G, respectively, for which Emin(k), the threshold of the essential
spectrum is a singular point of the operator Ĥµ(k).
4.1. The threshold is a singular point. Let d ≥ 3. Now, we study the emission of eigenvalues of
the operator Ĥ1(k), k ∈ G from Emin(k), the bottom of the essential spectrum σess(Ĥ1(k)), when
the threshold is a singular point of the essential spectrum σess(Ĥ1(k)).
Recall that for any ψˆ ∈ ℓ2,e(Zd), the Fourier transform F ◦ |V̂ |1/2ψˆ of the function |V̂ |1/2ψˆ is
continuous in p ∈ Td.
For each k0 ∈ G, s ∈ Z
d and ψˆ ∈ ℓ2,e(Zd) under Hypothesis 3.3, the function
(4.2) Cs(k, k0;ψ) =
∫
Td
[1− cos(p, s)]|F ◦ |V̂ |1/2ψˆ|2η(dp)
(Ek(p)− Emin(k))(Ek0 (p)− Emin(k0))
≥ 0
is continuous in k ∈ G and can be estimated by a constant not depending on s ∈ Zd.
Remark 4.11. (i) Let for some k0 ∈ G, Emin(k0), the threshold of the essential spectrum of Ĥ1(k0)
be a singular point of multiplicity n ≥ 1, i.e., the number 1 is an eigenvalue for B1(k0,Emin(k0))
of multiplicity n ≥ 1. Let Hn be an n– dimensional subspace of the operator B1(k0,Emin(k0)),
associated to the eigenvalue 1. Then for any non-zero ψˆ ∈ Hn, the inequality Cs(k, k0; ψˆ) > 0, s ∈
Zd holds.
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(ii) Let the threshold Emin(k0), k0 ∈ G be a regular point of Ĥµ(k0), i.e., the equation
Bµ(k0,Emin(k0))ψˆ = ψˆ has only the trivial solution ψˆ = 0 ∈ ℓ
2,e(Zd). Then for all s ∈ Zd,
the equality Cs(k, k0;ψ) = 0 holds.
We define the function L(k, k0;ψ) on G ⊂ T
d as
(4.3) L(k, k0;ψ) = 2
∑
s∈Zd,s6=0
εˆ(s)[cos(
k
2
, s)− cos(
k0
2
, s)] · Cs(k, k0;ψ).
Since εˆ ∈ ℓ1(Zd), the series in the right hand side of Eq. (4.3) is absolutely convergent and defines
a continuous function in k ∈ G.
For any fixed k0 ∈ G and non-zero ψˆ ∈ ℓ
2,e(Zd) we define the following sets
M>(k0; ψˆ) := {k ∈ G : L(k, k0; ψˆ) > 0} ⊂ G,
M=(k0; ψˆ) := {k ∈ G : L(k, k0; ψˆ) = 0} ⊂ G,
M<(k0; ψˆ) := {k ∈ G : L(k, k0; ψˆ) < 0} ⊂ G.
Repeating the argument of the proof of Lemma 3.7, one can show that the map k ∈ G 7→ L(k, k0; ψˆ)
is continuous. The setsM>(k0; ψˆ) andM<(k0; ψˆ) are open subsets of G ⊂ T
d and
G = M>(k0; ψˆ) ∪M=(k0; ψˆ) ∪M<(k0; ψˆ).
For the n be dimensional subspaceHn, associated to the eigenvalue 1 of the operatorBµ(k0,Emin(k0)),
k0 ∈ G, we define the following subsets of G
M>(k0;Hn) =
⋃
ψˆ∈Hn,||ψˆ||=1
M>(k0; ψˆ),
M=(k0;Hn) =
⋃
ψˆ∈Hn,||ψˆ||=1
M=(k0; ψˆ),
M>(k0;Hn) =
⋂
ψˆ∈Hn,||ψˆ||=1
M>(k0; ψˆ),
M=(k0;Hn) =
⋂
ψˆ∈Hn,||ψˆ||=1
M=(k0; ψˆ),
M<(k0; ℓ
2,e(Zd)) =
⋂
ψˆ∈ℓ2,e(Zd),||ψˆ||=1
M<(k0; ψˆ).
The following results precisely describes the emission of eigenvalues at the threshold Emin(k)
depending on the quasi-momentum k ∈ G and the potential V̂ .
Theorem 4.12. Let d ≥ 3. Assume Hypothesis 3.3 and that for k0 ∈ G the threshold Emin(k0) is
a singular point (of multiplicity n = 1, 2, ...) for the operator Ĥ1(k0) = Ĥ0(k0) + V̂ satisfying the
inequality Ĥ1(k0) ≥ Emin(k0)I . Then:
(i) For any k ∈ M>(k0;Hn), the operator Ĥ1(k) has an eigenvalue below the threshold
Emin(k).
(ii) For any k ∈ M=(k0;Hn), the threshold Emin(k) is a singular point of the essential spec-
trum of Ĥµ(k).
(iii) For any k ∈M>(k0;Hn), the operator Ĥ1(k) has at leastn ≥ 1 eigenvalues z1(k), ..., zn(k)
(counting multiplicities) below the threshold Emin(k).
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(iv) For any k ∈ M=(k0;Hn), the threshold Emin(k) is a singular point for the essential spec-
trum of Ĥ1(k) (with multiplicity n).
(v) For any k ∈M<(k0; ℓ
2,e(Zd)), the operator Ĥ1(k) has no eigenvalues below the threshold
Emin(k).
Corollary 4.13. Let the assumptions of Theorem 4.12 are fulfilled. Then:
(i) For any µ > 1 and k ∈ M=(k0;Hn), the operator Ĥµ(k) = Ĥ0(k) + µV̂ has at least one
eigenvalue below the threshold Emin(k).
(ii) For any µ > 1 and k ∈ M=(k0;Hn) ∪M>(k0;Hn), the operator Ĥµ(k) = Ĥ0(k) + µV̂
has at least n eigenvalues (counting multiplicities) below the threshold Emin(k).
Remark 4.14. Theorem 4.12 yields that for any k= ∈ M=(k0;Hn), there is an open ballB(k=) with
the center k= ∈ M=(k0;Hn) such that the sets B(k=) ∩M>(k0;Hn) and B(k=) ∩M<(k0;Hn)
are non-empty. Thus, for any k= ∈ M=(k0;Hn) there are open sets N> ⊂ M>(k0;Hn) and
N< ⊂M>(k0;Hn) such that for any k ∈ N> the operator Ĥ1(k) has an eigenvalue below Emin(k)
and it has no eigenvalues for k ∈ N<.
Corollary 4.15. Let the assumptions of Theorem 4.12 are fulfilled. Then for each k= ∈M=(k0;Hn),
there exists k> ∈M>(k0;Hn) such that the number of eigenvalues of Ĥ1(k>) below Emin(k>) is
greater than the number of eigenvalues (counting multiplicities) of Ĥ1(k=) below Emin(k=).
Remark 4.16. Let the operator Ĥ1(k0), k0 ∈ G has m ≥ 1 eigenvalues (counting multiplicities)
lying below the threshold Emin(k0). Then by the Theorem 3.12, the operatorB1(k0,Emin(k0)) hasm
eigenvalues (counting multiplicities) λ1 ≥ ... ≥ λm > 1. Let H
eig
m be anm- dimensional subspace,
spanned to the eigenfunctions of the operator B1(k0,Emin(k0)), k0 ∈ G associated to λ1, ..., λm.
Then for any non-zero ψ ∈ Heigm , the inequality Cs(k, k0;ψ) > 0, s ∈ Z
d holds, where Cs(k, k0;ψ)
is defined in (4.2).
For them- dimensional subspaceHeigm , associated to the eigenvalues lying below the threshold
Emin(k0) of Ĥ1(k0), we define the subsetM>(k0;H
eig
m ) ⊂ G as
M>(k0;H
eig
m ) =
⋂
ψˆ∈Heigm ,||ψˆ||=1
M>(k0; ψˆ).
Theorems 4.4 and 4.12 yield that the total number of both the multiplicity of singular point
Emin(k) and the eigenvalues (counting multiplicities) below the threshold Emin(k), k ∈ G of
Ĥµ(k) = Ĥ0(k)+µV̂ is a nondecreasing function in k ∈ G and µ > 0 in the sense of the following
Corollary.
Corollary 4.17. Let d ≥ 3. Assume Hypothesis 3.3 and that Emin(k0), k0 ∈ G is a singular point of
multiplicity n and the operator Ĥµ(k0) has only m eigenvalues (counting multiplicities) below the
threshold Emin(k0).
(i) If k ∈ M=(k0;Hn)
⋂
M>(k0;H
eig
m ), then for all k ∈ M>(k0;Hn) the operator Ĥµ(k)
has at least n+m eigenvalues (counting multiplicities) lying below Emin(k).
(ii) For all µ > 1 and k ∈ M=(k0;Hn)
⋂
M>(k0;H
eig
m ), the operator Ĥµ(k) has at least
n+m eigenvalues (counting multiplicities) lying below Emin(k).
5. THE PROOF OF THE RESULTS
The proof of Lemma 3.7 (i) Since ε(·) satisfies Hypothesis 3.3 for any k ∈ G the point
0 ∈ Td, d ≥ 3 is a non-degenerate minimum of the function Ek(·).
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According to the parametrical Morse lemma (see, e.g., [15], p. 113) on smooth functions, one
concludes that for any k ∈ G there exists C(1)(Wγ(0))– diffeomorphisms φ(k, ·) : Wγ(0)→ U(0)
of the ball Wγ(0) ⊂ R
d to a neighborhood U(0) ⊂ Td of the point 0 ∈ Td, so that the function
Ek(φ(k, q)) can be represented as
Ek(φ(k, q)) = Emin(k) + q
2 = Emin(k) + q
2
1 + ...+ q
2
d, Emin(k) ∈ C
(3)(G).
The Jacobian J(k, φ(k, q)) of the mapping φ is continuous in (k, q) ∈ G ×Wγ(0) and J(k, 0) > 0
for any k ∈ G.
Therefore, for any fixed k ∈ G and x ∈ Zd, the kernel function (of resolvent) R̂0(k,Emin(k);x)
can be written as the sum R̂0(k,Emin(k);x) = R̂
(1)
0 (k,Emin(k);x) + R̂
(2)
0 (k,Emin(k);x), where
R̂
(1)
0 (k,Emin(k);x) =
∫
U(0)
ei(p,x)η(dp)
Ek(p)− Emin(k)
,
R̂
(2)
0 (k,Emin(k);x) =
∫
Td\U(0)
ei(p,x)η(dp)
Ek(p)− Emin(k)
.
By making a change of variables p = φ(k, q), we obtain
R̂
(1)
0 (k,Emin(k);x) =
∫
Wγ(0)
ei(φ(k,q),x)
q21 + ...+ q
2
d
J(k, φ(k, q))η(dq).
In the spheroidal coordinates, by denoting q = rω, it can be rewritten as
R̂
(1)
0 (k,Emin(k);x) =
γ∫
0
rd−3dr
∫
Ωd−1
ei(φ(k,rω),x)J(k, φ(k, rω))dω,(5.1)
where Sd−1 is the unit sphere in Rd and dω is its element.
Observe that the function
R̂
(2)
0 (k,Emin(k);x) =
∫
Td\U(0)
ei(p,x)η(dp)
Ek(p)− Emin(k)
is continuously differentiable in k ∈ G. Since J(k, φ(k, q)) is continuous in (k, q) ∈ G×Wγ(0) the
functions R̂
(1)
0 (k,Emin(k);x) and R̂0(k,Emin(k);x) = R̂
(1)
0 (k,Emin(k);x) + R̂
(2)
0 (k,Emin(k);x)
are continuous in k ∈ G.
(ii) For any fixed x, y ∈ Zd, the continuity in k ∈ G of the kernel functionBµ(k,Emin(k);x, y)
defined in (3.8) can be proven by the same way as (i) of Lemma 3.7.
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(iii) For any k ∈ G, the Hilbert-Schmidt norm ||Bµ(k,Emin(k))||2 of the operatorBµ(k,Emin(k))
can be estimated as
||Bµ(k,Emin(k))||
2
2 =
∑
x,y∈Zd
|Bµ(k,Emin(k);x, y)|
2
≤ µ2
∑
x,y∈Zd
|vˆ(x)|
∣∣∣∣∣∣
∫
Td
ei(p,x−y)η(dp)
Ek(p)− Emin(k)
∣∣∣∣∣∣
2
|vˆ(y)|
≤ µ2

∫
Td
η(dp)
Ek(p)− Emin(k)


2
||V̂ ||2ℓ1(Zd),
i.e., the operator Bµ(k,Emin(k)) belongs to Σ2. Since the operator norm ||Bµ(k,Emin(k))|| satisfies
the inequality
||Bµ(k,Emin(k))||
2 ≤ ||Bµ(k,Emin(k))||
2
2
the operator Bµ(k,Emin(k)) is continuous in k ∈ G.
The proof of Theorem 3.12. We only prove the items (i), (ii) and (iii), since the case (iv) can
be proven as in Lemma 2.2 of ref. [8] and the case (v) similarly to Theorem 6 of ref. [22].
Let d ≥ 3 and vˆ ∈ ℓ1(Zd;R−0 ).
(i) Note that fˆ ∈ ℓ0(Z
d) and vˆ ∈ ℓ1(Zd;R−0 ) yield ψˆ = |V̂ |
1
2 fˆ ∈ ℓ2,e(Zd). Now let fˆ ∈
ℓ0(Z
d) be a solution of (Ĥµ(k)− Emin(k)I)fˆ = 0, i.e., the equality
(5.2) (Ĥ0(k)− Emin(k)I)fˆ = −µV̂ fˆ
holds. Then the conditions for vˆ of Hypothesis 3.3 yields that V̂ fˆ ∈ ℓ1(Zd). Using the definition of
R̂0(k,Emin(k)) and the properties of the Fourier transform, it can be shown that
[R̂0(k,Emin(k))][Ĥ0(k)− Emin(k)I] = I,
i.e., the operator R̂0(k,Emin(k)) is the resolvent of Ĥ0(k) at the threshold z = Emin(k).
The equality (5.2) yields the relation
fˆ = R̂0(k,Emin(k))
(
Ĥ0(k)− Emin(k)I
)
fˆ = µR̂0(k,Emin(k))|V̂ |fˆ
and
|V̂ |
1
2 fˆ = µ[|V̂ |
1
2 R̂0(k,Emin(k))|V̂ |
1
2 ]|V̂ |
1
2 fˆ ,
i.e., ψˆ = |V̂ |
1
2 fˆ is a solution of Bµ(k,Emin(k))ψˆ = ψˆ.
(ii) Let d = 3 , 4. Since vˆ ∈ ℓ1(Zd;R−0 ) is a non-positive function, for any ψˆ ∈ ℓ
2,e(Zd), the
Cauchy–Schwarz inequality leads to the relation |V̂ |
1
2 ψˆ ∈ ℓ1(Zd).
Since the function
1
Ek(·)− Emin(k)
is integrable on Td, the Riemann–Lebesgue lemma yields
(5.3) R̂0(k,Emin(k);x) :=
∫
Td
ei(p,x)η(dp)
Ek(p)− Emin(k)
→ 0 as |x| → ∞.
The inclusion |V̂ |
1
2 ψˆ ∈ ℓ1(Zd) and (5.3) lead to
(5.4) fˆ(x) =
∑
y∈Zd
R̂0(k,Emin(k); y − x)|vˆ(y)|
1
2 ψˆ(y)→ 0 as |x| → ∞,
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i.e., fˆ ∈ ℓ0(Z
d).
Now let ψˆ ∈ ℓ2,e(Zd) be a solution of the equation
µ|V̂ |
1
2 R̂0(k,Emin(k))|V̂ |
1
2 ψˆ = ψˆ.(5.5)
By denoting
(5.6) fˆ = R̂0(k,Emin(k))|V̂ |
1
2 ψˆ
we have that fˆ ∈ ℓ0(Z
d). Equation (5.5) yields that
(5.7) µ|V̂ |
1
2 fˆ = ψˆ and µ|V̂ |fˆ = |V̂ |
1
2 ψˆ.
The equality (5.6) and the second equality in (5.7) imply that
(5.8)
(
Ĥ0(k)− Emin(k)I
)
fˆ = −µ
(
Ĥ0(k)− Emin(k)I
)
R̂0(k,Emin(k))V̂ fˆ = −µV̂ fˆ ,
i.e., fˆ ∈ ℓ0(Z
d) is a solution of the equation Ĥµ(k)fˆ = Emin(k)fˆ .
(iii) Let d ≥ 5. According to Lemma 3.4 the inclusion
1
Ek(·)− Emin(k)
∈ L2,e(Td, η)
holds and hence the Plancherel theorem leads to
(5.9) R̂0(k,Emin(k);x) :=
∫
Td
ei(p,x)η(dp)
Ek(p)− Emin(k)
∈ ℓ2,e(Zd).
Since for any ψˆ ∈ ℓ2,e(Zd) the relation |V̂ |
1
2 ψˆ ∈ ℓ1(Zd) holds, the Young convolution inequality
[28, IX.4] and the relation (5.9) yield that
fˆ = R̂0(k,Emin(k))|V̂ |
1
2 ψˆ ∈ ℓ2,e(Zd).
The equality Ĥµ(k)fˆ = Emin(k)fˆ , fˆ ∈ ℓ
2,e(Zd) can be proven as the case above.
Proof of Theorem 4.1 Let d = 1, 2 and vˆ ≤ 0 is not identically zero. Then the number
λ = v(s), s ∈ Zd is an eigenvalue of the operator V̂ and the kronecker delta function ψˆs(x) =
δsx ∈ ℓ
2,e(Zd) of the point s ∈ Zd is the associated eigenfunction. Then for any z < Emin(k)
(Bµ(k, z)ψˆs, ψˆs)(5.10)
= µ(|V̂ |
1
2 R̂0(k, z)|V̂ |
1
2 ψˆs, ψˆs)
= µ(R̂0(k, z)|V̂ |
1
2 ψˆs, |V̂ |
1
2 ψˆs)
= µ
∫
Td
|F ◦ |V̂ |1/2ψˆs|
2η(dp)
Ek(p)− z
= µ
∫
Td
|
∑
x∈Zd
ei(p,x)|vˆ(x)|
1
2 ψˆs(x)|
2η(dp)
Ek(p)− z
= µ|vˆ(s)|
∫
Td
η(dp)
Ek(p)− z
.
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Since the last integral in (5.10) is monotonically increasing and continuous function in z ∈ (−∞,Emin(k)),
similarly to the proof of Lemma 3.7, one can show
lim
z→Emin(k)
∫
Td
η(dp)
Ek(p)− z
=
∫
Td
η(dp)
Ek(p)− Emin(k)
= +∞.
Therefore, for some z < Emin(k), the inequality (Bµ(k, z)ψˆs, ψˆs) > 1 holds, i.e., the self-adjoint
compact operator Bµ(k, z) has an eigenvalue in the interval (1,+∞). Then, Proposition 3.1 yields
that the operator Ĥµ(k) has an eigenvalue in the interval (−∞,Emin(k)).
The proof of Theorem 4.2 can be proven analogously to Theorem 1 of [22].
Proof of Theorem 4.4. Let d = 1, 2 and operator Ĥ1(0), 0 ∈ T
d has m ≥ 1 eigenvalues
z1(0) ≤ ... ≤ zm(0) < Emin(0) (counting multiplicities). Then for any z0 ∈ (zm(0),Emin(0)), the
Proposition 3.1 yields the existence ofm− dimensional linear subspaceHm ⊂ ℓ
2,e(Zd) spanned to
the eigenvectors, associated to the eigenvalues λ1(0) ≥ ... ≥ λm(0) > 1 (counting multiplicities),
of the operator B1(0, z0), such that for any non-zero ψ ∈ Hm the relations |F ◦ |V̂ |
1/2ψˆ| 6= 0 and
(B1(0, z0)ψˆ, ψˆ) = (|V̂ |
1
2 R̂0(0, z0)|V̂ |
1
2 ψˆ, ψˆ) = (R̂0(0, z0)|V̂ |
1
2 ψˆ, |V̂ |
1
2 ψˆ)
=
∫
Td
|F ◦ |V̂ |1/2ψˆ|2η(dp)
E0(p)− z0
> (ψˆ, ψˆ)
hold.
Since the function ε is conditionally negative definite, the minimum Emin(k) = min
p∈Td
Ek(p) =
2 ε(k2 ), k ∈ T
d of the function Ek(p) is attained at the point p(k) = 0. Hence, for any non-zero
k ∈ Td and z0 ∈ (zm(0), Emin(0)), the inequality
(5.11) E0(p)− z0 > Ek(p)− [z0 + Emin(k)− Emin(0)], p ∈ T
d
holds, which can be proven similarly to [6, Lemma 5 ]. Then for any non-zero k ∈ Td and ψˆ ∈ Hm
we have ∫
Td
|(F ◦ |V̂ |1/2ψˆ)(p)|2η(dp)
E0(p)− z0
<
∫
Td
|(F ◦ |V̂ |1/2ψˆ)(p)|2
Ek(p)− [z0 + Emin(k)− Emin(0)]
η(dp).(5.12)
Therefore, for any non-zero k ∈ Td and ψˆ ∈ Hm, the relation
(Bµ(k, z0 + [Emin(k)− Emin(0)]ψˆ, ψˆ) > (ψˆ, ψˆ)
holds, which implies that the compact operator Bµ(k, z0+ [Emin(k)− Emin(0)]) hasm eigenvalues
(counting multiplicity) greater than 1. Proposition 3.1 gives that the operator Ĥµ(k), k ∈ G has m
eigenvalues z1(k) ≤ ... ≤ zm(k) (counting multiplicity), which satisfy the relations
(5.13) zj(k) < z0 + [Emin(k)− Emin(0)] , j = 1, ...,m.
This completes the proof of Theorem 4.4. .
Theorem 4.6 can be proven by the same way as Theorem 4.1.
Proof of the Theorem 4.8 follows from the equality
N−(Emin(k), Ĥµ(k)) = N+(1,Bµ(k,Emin(k))),
which can be proven analogously to [22, Theorem 6].
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Proof of the Theorem 4.9. If Emin(k0) is a regular point, then the number 1 is not an eigen-
value of the operator Bµ(k0,Emin(k0) and hence there exists a bounded operator
(I − Bµ(k0,Emin(k0)))
−1.
Since, the operatorBµ(k,Emin(k)) is continuous in k ∈ G (see (iii) of Lemma 3.7), there exists
a neighborhood G(k0) ⊂ G of the point k0 ∈ G, such that the operator (I − Bµ(k,Emin(k)))
−1
exists and continuous in k ∈ G(k0). So, for any k ∈ G(k0), the number of non-zero solutions of
Bµ(k,Emin(k))ψˆ = ψˆ in ℓ
2,e(Zd) remains unchanged.
The existence of a neighborhood of µ0 > 0 can be proven similarly. 
Proof of Theorem 4.12. We prove the cases (iii) and (v) of Theorem 4.12, since the cases (i),
(ii) and (iv) can be proven in the same way as (iii).
(iii) Under the assumptions of Theorem 4.12, the bottom Emin(k0) is a singular point of
Ĥ1(k0), k0 ∈ G of multiplicity n. Definition 3.9 of the singular point and the Theorem 3.12 yield
the existence a n- dimensional subspace Hn ⊂ ℓ
2,e(Zd), associated to eigenvalue 1 and for any
non-zero ψˆ ∈ Hn the relations
(B1(k0,Emin(k0))ψˆ, ψˆ) = (R̂0(k0,Emin(k0))|V̂ |
1
2 ψˆ, |V̂ |
1
2 ψˆ) =
∫
Td
|F ◦ |V̂ |1/2ψˆ|2η(dp)
Ek0 (p)− Emin(k0)
= (ψˆ, ψˆ)
hold and therefore |F◦|V̂ |1/2ψˆ| 6= 0. Consequently, for any k ∈M>(k0;Hn) and non-zero ψˆ ∈ Hn
(B1(k,Emin(k))ψˆ, ψˆ)− (B1(k0,Emin(k0))ψˆ, ψˆ)
=
∫
Td
[(Ek0 (p)− Emin(k0))− (Ek(p)− Emin(k))]|F ◦ |V̂ |
1/2ψˆ|2η(dp)
[Ek(p)− Emin(k))][Ek0 (p)− Emin(k0)]
.
Applying the Fourier series expansion for ε(p)
Ek(p)− Emin(k) = ε(
k
2
+ p) + ε(
k
2
− p)− 2ε(
k
2
) = 2
∑
s∈Zd
εˆ(s) cos(
k
2
, s) · [cos(p, s)− 1],
gives the representation
([B1(k,Emin(k))− B1(k0,Emin(k0)]ψˆ, ψˆ) = 2
∑
s∈Zd,s6=0
εˆ(s)[cos(
k
2
, s)− cos(
k0
2
, s)]Cs(k, k0;ψ),
where
Cs(k0, ψ; k) =
∫
Td
[1− cos(p, s))]|F ◦ |V̂ |1/2ψˆ|2η(dp)
[Ek(p)− Emin(k)][Ek0(p)− Emin(k0)]
> 0, s ∈ Zd \ {0}.
So, the operator B1(k,Emin(k)), k ∈M>(k0;Hn) has n eigenvalues greater than 1. Theorem 3.12
yields that the operator Ĥ1(k), k ∈M>(k0;Hn) has n eigenvalues below the threshold Emin(k).
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(v) For any k ∈M<(k0; ℓ
2,e(Zd)) and non-zero ψˆ ∈ ℓ2,e(Zd), we have
‖B1(k,Emin(k)‖
= sup
ψˆ∈ℓ2,e(Zd),‖ψˆ‖=1
(B1(k,Emin(k))ψˆ, ψˆ)
= sup
ψˆ∈ℓ2,e(Zd),‖ψˆ‖=1
(|V̂ |
1
2 R̂0(k,Emin(k))|V̂ |
1
2 ψˆ, ψˆ)
= sup
ψˆ∈ℓ2,e(Zd),‖ψˆ‖=1
(R̂0(k,Emin(k))|V̂ |
1
2 ψˆ, |V̂ |
1
2 ψˆ)
= sup
ψˆ∈ℓ2,e(Zd),‖ψˆ‖=1
∫
Td
|F ◦ |V̂ |1/2ψˆ|2η(dp)
Ek(p)− Emin(k)
< sup
ψˆ∈ℓ2,e(Zd),‖ψˆ‖=1
∫
Td
|F ◦ |V̂ |1/2ψˆ|2η(dp)
Ek0(p)− Emin(k0)
= sup
ψˆ∈ℓ2,e(Zd),‖ψˆ‖=1
(B1(k0,Emin(k0))ψˆ, ψˆ)
= ‖B1(k0,Emin(k0)‖ = 1.
Therefore, the non-negative compact operator B1(k,Emin(k)), k ∈ M<(k0; ℓ
2,e(Zd)) may have
only non-negative eigenvalues smaller than 1. Consequently, the Theorem 3.12 yields that the oper-
ator Ĥ1(k), k ∈ M<(k0; ℓ
2,e(Zd)) has no eigenvalues below Emin(k), the bottom of the essential
spectrum of Ĥ1(k).
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